1. Introduction. Approximation properties of finite element spaces are often derived using variations of the so-called Bramble-Hilbert Lemma [4] , [5] . This lemma is based on an inequality of the form Morrey [16] (and implicitly in Sobolev [18] ) for the case of P being all polynomials of degree at most r, A being all multi-indices of length r + 1, || • || being the norm on W™, and |-1 being the norm on L . In the second Bramble-Hilbert paper [5] , (1.1) is derived for certain classes P that range from the polynomials of degree at most r to the polynomials that are of degree at most r in each variable separately. Motivated by particular applications, we extend (1.1) (in Section 4) by allowing more general collections P and A and, further, by deriving (in Section 5) inequalities of the form (1.2) inf 11/ -P\\ < C Z pep / '>&) ' where {/"•} is a collection of homogeneous polynomials of degree L and P is the intersection of the kernels of the operators PAd/dx). The proofs of Bramble and Hubert used the results of Morrey and generalizations thereof. The proofs of these results are nonconstructive and cannot be used to estimate the size of C in (1.1) or to determine how C would vary as a function of the do-main. Sobolev's approach to imbedding theorems is based on an explicit representation of a function as a polynomial plus a remainder term. The results presented here use a related representation that is derived as an averaged Taylor's series (see Section 3).
This representation can be manipulated in various ways to get bounds of the form (1.1) and (1.2). Although we do not explicitly calculate the associated constants here, it is
easy to see what parameters they depend on, and, in particular cases, the proofs could be used to bound them. (The results of Section 5 are somewhat of an exception to this; see Remark 5.2.) We have calculated these constants in one special case [9] . Further, the form of proof used here allows the dependence of the constant on the underlying domain to be clarified. The basic results of this paper (Sections 3, 4, 5 and 6) are derived initially for domains that are star-shaped with respect to (each point of) a ball and in these cases the constants are seen to depend on the domain only through its diameter and the diameter of the associated ball. Having this type of dependence makes it easier (or possible) to treat the perturbations of the domain that are frequently needed to handle curved boundaries by finite element methods (see Example 4 in Section 8). Our results are also extended (in Section 7) to regions that may be viewed as a finite union of domains that are star-shaped with respect to balls. Polynomial approximation results for such regions have been derived by Jamet [14] using an entirely different approach. These regions include ones satisfying the cone condition used by Bramble and Hubert [4] , [5] , but are slightly more general.
When functions are approximated by piecewise polynomials on a mesh of size h > 0, the bound for the error typically involves Atoa positive power. In most cases, the power decreases by one for each additional order of differentiation applied to the error. One purpose of our results on tensor-product polynomaial approximation (Section 4) is to show under what conditions one should expect not to lose a power of h when differentiating the error. An application is given to illustrate this point in Example 1 of Section 8.
There are situations in which it is necessary to approximate a function satisfying a homogeneous, constant coefficient differential equation by polynomials which also satisfy that equation. The approximation results following from (1.2) (see Section 5) can be used to treat such cases. An application is given in Example 2 of Section 8 in which harmonic functions are approximated by harmonic polynomials.
Our proofs of (1.1) and (1.2) are based on a basic representation formula of a function as a polynomial projection plus a remainder derived in Section 3. An important property of the projection operator is that it commutes with differentiation, that is, a derivative of the polynomial projection of a function is the same as an associated (lower order) polynomial projection of that derivative of the function. This commutativity property is used in a crucial way to derive the results described in the previous two paragraphs.
Frequently, one is interested in the best possible approximation of a function subject to the constraint that a function and its approximation agree at certain points [3] , [8] , [17] . Restricting to integer index Sobolev spaces excludes certain interesting cases from study. Most of the results in this paper are proved for the integer case, but
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use in Section 6, estimates of the form (1.1) involving fractional order Sobolev norms are proved, and an illustration of their application is given in Example 3 of Section 8.
Several of the questions we discuss here have been treated from different points of view by many authors. Our interest in these questions comes from studying the approximation results that are needed to analyze finite element methods. In this area, the work of Bramble and Hubert [4] , [5] is fundamental. The work of Ciarlet and Wagschal on multipoint Taylor formulas [7] is another approach to giving constructive proofs of approximation results needed for finite element analysis and their results played an important role in the evolution of this paper. The basic representation given in Section 3, which we call a Sobolev representation, is quite similar to one used by Sobolev [18] in proving imbedding theorems (see Remark 3.5). However, it appears to be different from the one used in [18] for which, in particular, it is not clear that the commutativity property mentioned above is valid. A more recent treatment of related representations, as well as some discussion of their applications in other work, can be found in an article by Burenkov [6] . In [15], Meinguet gave a constructive polynomial approximation process that is closely related to the Sobolev representation 
The use of Fubini's theorem is justified because \kix, z)\ = allowed to tend to zero, the norm of f tends to infinity. (If l> n, then / is bounded uniformly for all p and q.) Notice that for all /, n, p, and q for which the proposition is applicable, it is also applicable for /, n, p', and q for some p' < °°. This observation will be used later to restrict attention to finite p in order to allow the use of a density argument.
The restriction that p =£ 1 and q ¥= °° when 1 ¡q = 1/p -l/n is necessary since the Riesz potential of order / does not map L,(R") (respectively, Ln ,,(R")) into Ln/n-i(R") (respectively, ¿oe(R" Suppose that a is a multi-index such that |a| = /, and take / to be such that a = ß + 8' where ß is a multi-index. Let Note that the integrand is in L1 since it is bounded by C|x -y\~n + 1. Holder's inequality and (6.5) imply that (,6) KJxW,cS y"*»-'?',,,
Integrating this with respect to x and summing on |a| = / gives (6.2) for the case p < °°.
Note that the C in (6.6) is just
where con is the measure of the unit (n -l)-sphere. Thus the constant C in (6.2) can be taken to be independent of p G (1, °o), and it is bounded for 0 in the interval (e, 1)
where e is positive.
The estimate for p = °° is complicated by the facts that, for nonintegral m, were derived under the assumption that the domain was star-shaped with respect to each point in a ball. In this section we show how this constraint can be weakened. In particular, the previous results can be extended to bounded domains which satisfy the restricted cone condition (see below) that was used in [4] , [5] . In addition certain domains which fail to satisfy the restricted cone condition can be treated (for example a slit disk in R2). The principal result of this section (Theorem 7.1) states roughly that a domain has good approximation properties if it is a finite union of domains with good approximation properties. In [14] Jamet uses a different method to relax geometric constraints associated with polynomial approximation. ii/-Q.tnDj'<c,nnD.
W™{D) <}. Wp(D) for p < °° and C°(D) is not dense in Wm{D
Then there exists C0 such that, for / = 1.N and f E H(il), (7. 2) ll/-a//Hn<C0|||/|||n.
Proof. It suffices to consider the case N = 2, since the general case follows easily by induction. Let B = Dx n D2;B ¥= 0 since il is connected. By properties (b) and (d) above, the seminorms \\P\\D + \\P\\D and ||F||B on PE P have the same kernel.
Using the equivalence of norms on the corresponding quotient space yields Define TR = {(x,, x2): xx > 0,x2> 0,xx + x2 < 1}. For T a triangle in T E F let A be an affine map taking TR onto T. Assume, without loss of generality, that A is linear, and note that ||.4|| < Ch. For a function g G C(TR) define Jg to be the affine function of x that agrees with g at the vertices of TR ; i.e., I ?(x,, x2) = ?(0, 0) (1 -x, -x2) + g{l, 0)xx + g{0, l)x2.
Note that (f -I/)(x) = if-If){Ax), where f{x)=f{Ax). Thus ||/-I/|||2(r) = Idet^l ||7-I/Ill (r ).
Next note that for any P E P2
Il7-lfh2(TR) = \\f-P-l(J-P)\\L2(TRy From Theorem 6.1 and the fact that \P\ , , " = 0 for P E P, it follows that (8-7) \\7-lf\\L2(TR)<C\f\wï + e{TR).
To estimate the right-hand side of (8.7) represent A as a 2 x 2 matrix that acts on column vectors (xx, x2)T and then note that polating between L2(il) and W2{il). However, it is frequently the case that one needs
